Distribution of zeros of partition function Z without magnetic field is studied for some twodimensional Ising models with nearest-neighbor interactions. The distributions are presented graphically for the honeycomb, triangular, diced and Kagome lattices. It is shown that an asymptotic form of high temperature expansion for InZ is closely related with the distribution of zeros. The expansion coefficients are derived up to large orders by computer for the honeycomb and Kagome lattices. It turns out that their oscillatory behaviors are understood very well by studying the zeros off the positive real axis, in particular the period of oscillation for the Kagome lattice is proved to be about 5.25. § 1. Introduction
In a theory of phase transition, the distribution of zeros of partition function in the complex temperature plane has been studied l ),2) for some Ising models_ This paper is concerned with its application in connection with our recent works 3 )-6) on the critical compressibility factor Zc of two-dimensional lattice gas_
The partition function Z of the Ising model with nearest-neighbor interaction is expressed as
where L is the total number of lattice points, K = J/kT (J: strength of exchange interaction, k: Boltzmann's constant, T: absolute temperature) and z is the coordination number-Here 1Jf is defined as (1 '2) where Sj= ±1 is the Ising spin, (if) indicates t!le nearest-neighbor pair and w=th K as usuaL For a finite system, 1Jf is a polynomial of w: (1'3) where N is the largest number of allowed bonds. Note that 1Jf=1 for w=O.
Let the zeros of 1Jf to be Wk (k=l, 2, ···N). Then, we have 1Jf= rr(I-....!!!...) .
k Wk (1'4) From (1'4) it follows that
In lJf = L: In(l -~) .
k Wk (1'5) This means that Wk is determined by putting the argument in the logarithm on the right-hand side to be zero. All A/s in (1· 3) are real so that if Wk is the zero so is its complex conjugate Wk *. In other words, the distribution of zeros in the complex W plane is symmetric with respect to the real axis. Since the relation Aj;;?;O holds for a ferromagnetic interaction, there is no zero on the positive real axis in the case of finite system. However, in the thermodynamic limit it is possible to have zeros on it.
The zero with the least magnitude corresponds to the transition point of the system. We will express it by We in the following. Moreover, an equality AN-n=An is valid for even z, because if a gniph composed of n bonds is allowed in (1' 2) so is a graph composed of remaining N-n bOI1ds. Thus, there is one-to-one correspondence between a graph of w n and the one of w
N -
n . This relation implies that if Wk is the zero its inverse I/wk is also the zero, and will be helpful to understand the geometric property of distribution of zeros for the triangular or Kagome lattice. Taking logarithm of (1'1), we get
(1'6)
By means of high temperature expansion,1) (I/L) In lJf is expanded as
Asymptotic behavior of ar in the limit r-HYO is crucial in calculating Ze. For square, triangular, diced and Penrose lattices, the property ar;;?; 0 enables us to make a smooth extrapolation 4 ).6) in estimating Ze. On the contrary, for honeycomb, Kagome and dual Penrose lattices,S).6) owing to the property that some ar becomes negative such a procedure is impossible. One of the purposes of this paper is to clarify that this behavior of ar is closely related with the distribution of zeros.
In § 2, we will discuss the distribution of zeros for honeycomb, triangular, diced and Kagome lattices and point out its differences among these lattices. We will consider zeros in W or z plane where z= w 2 • Section 3 is devoted to the evaluation of ar for honeycomb and Kagome lattices; we will derive ar up to r=66 for the former and up to r=67 for the latter. Then, in § 4 we will study the asymptotic behavior of ar by a procedure similar to saddle point method. The results for honeycomb and Kagome lattices are compared with the exact ones derived in § 3. Finally, concluding remarks are presented in § 5. § 2. . Distribution of zeros
In the case of square lattice, FisherS) has already shown that the distribution of zeros in W plane is described by two circles with the radius 12 having centers on the positive and negative real axes with distance 1 from the origin. Extending his theory, we will study in this section zeros for honeycomb, triangular, diced and Kagome lattices.
For the lattices mentioned above, (l/L)ln lJf is in general written as 1 17r:
where C=cos8+cos8' +cos(8+ 8') .
A numerical factor Wand a functional form of F(w, C) which is a polynomial of w depend on the lattice. Usually, the integral region is taken as o~ 8, 8'~27r. How· ever, owing to the periodicity of C, it can be transformed to that in (2·1). From the argument mentioned just below (1·5), we see that the zeros of lJf are derived from the equation,
The zero determined from (2·3) is a function of 8 and 8', i.e., w=w (8, 8' 
Honeycomb lattice
In this case, Wand F are given by ,/3
where O~A~4. The /3 is complex conjugate to a. It is shown that a and /3 yield the circle with radius 2/3 having the center (-1/3, 0) (see Fig. 2 ). There exist two zeros closest to the origin with the same distance 1/3 on the positive and negative real axes. The one wc 2 =1/3 on the positive. axis represents the physical singularity of the system. It will be clarified in § 4 that the zero off the positive real axis is responsible for an oscillatory behavior of br.
The distribution of zeros in w plane is obtained from Fig. 2 by putting w = Z1l2. The result is demonstrated in Fig. 3 where w=x+ iy. The zeros on the negative real axis in Fig. 2 are converted to those on the imaginary axis in Fig. 3 . Also, the circle in Fig. 2 is transformed to 3y2=1-3x2+2J1-3x2. This is described in Fig. 3 by a closed curve resembling an ellipse. The curve crosses vertically with the positive x axis at wc =l/ /3. 
Triangular lattice
Therefore, X=-2 or w=-l is one of zeros. Other zeros are expressed as
w+1/w=A±jA(A-4) . (2 ·14)
Since z=6 for the present lattice, as was stated in § 1 if w is the zero so is l/w. Equation (2 ·14) is consistent with this fact. It turns out that zeros for case (1) are distributed on the unit circle which terminates at x=1/2. Also, the loci of zeros for case (2) are described by y2=1 +2x-x 2 ±J8Xwhich are represented by a curve like a heart in Fig. 4 . This curve crosses with the positive x axis at x=2±/3. Out of these, wc=2-/3 corresponds to the transition point. The zero with the shortest distance from the origin is only this We. The situation is different from that in 2.1.
Diced lattice
In this case, we find
we see that F=O leads to
=0. Solving this we find that
where ± can be taken independently. The distribution of zeros in w plane thus derived is shown in Fig. 5 . In z plane, it is proved that case (1) If we introduce X defined by
from the relation F=O we are led to
. From X+l=O we get w=-1 which is an isolated zero in w plane (see Fig. 6 ). The remaining equation to determine X is exactly the same as (2 ·18). Consequently, with the same X as (2·19), the zeros are calculated to be
If we take + sign in (2·23), the one with -sign is its inverse. This is in accord with the statement in § 1 (z=4 for the present lattice). The distribution of zeros in w plane is shown in Fig. 6 . Case (2) is represented by a closed curve which looks like a boomerang. This curve crosses with the x axis at two points. The point A in Fig. 6 corresponds to We which is given by which is the zero at A = -1/2 plays an important role in § 4. Consequently, we will study this zero in some details.
For A = -1/2, we have Among lattices mentioned in § 2, the honeycomb and Kagome lattices are most inteI'"esting to us, because the sign of their expansion coefficient is not definite. In our previous paper,6) it was shown that the quantity Cn defined by
is necessary for deriving br or ar. We have calculated there Cn up to n=6 by hands~ However, it seems difficult to study the higher Cn'S without recourse to computers. In general Cn is expressed as 6 )
Cn=_l-~ (n) (r-1)!!2 r I(n, r),
where (3·3) Writing cos 2x=2cos 2 x-1, we find from (3·3) that
len, r)=(1/2)l(n-1, r-2)+(1/2)l(n-2, r-2). (3'4)
Since even r appears in (3·2), the above recursion formula enables us to compute necessary len, r) from l(n,O). Using this formula, we have calculated Cn up to n=35 by means of computer and the results are shown in Table! . By the use of Cn, br for the honeycomb lattice up to r=33 and ar for the Kagome lattice up to 67 are evaluated also by computer. These are presented in Tables II and  III. From Table II we see that except for small r, br changes its sign alternatively; b r > 0 for odd rand br < 0 for even r. At the same time, we realize from Table III that with increasing r a group of the positive ar's is followed by a group of the negative ar's and vice versa. This situation leads to an oscillatory behavior of Zc(R) for the Kagome lattice. 6 ) We will point out in § 4 that the above property of br or ar can be understood from the distribution of zeros discussed in § 2. § 4_Asymptotic form of expansion coefficient Weare now in a position to discuss the asymptotic behavior of high temperature expansion. Since the honeycomb lattice is the easiest to deal with, we begin with this system.
Honeycomb lattice
By means of a and /3 introduced in § 2, F(w, C) in (2-7) is expressed as F(w, C)
). Thus, expanding the right·hand side in (2-7) in powers of z and comparing zr on both sides, we have
From (4 -I) it follows that the zero with the least magnitude yields the most dominant contribution to br for large r. In case (1), the minimum value 1/3 of lal comes from the points Pand P' in Fig. 1 . Therefore, the asymptotic behavior of br is governed by the contribution of the vicinity of these points. Since lal < 1/31 holds there, it is sufficient to take account of only a in (4 -I). Let br corresponding to case (1) be br(l). Because of the symmetry, br(l) is tw.ice the value arising from the vicinity of P. Keeping this fact in mind, we put In the large r limit, we exponentiate the integrand as in saddle point method. Then, the integration can be extended to the whole uv plane. In this way, we obtain
By an orthogonal transformation, U 2 +V 2 +.UV is converted to (3/2)e+(1/2)r/. As a result, we have
by the use of (2·4). The higher order terms are studied in the Appendix. It turns out that
Next, let us consider b/ 2 ) corresponding to case (2). This time, lal=I.81 holds as seen from (2·9). They have the smallest value 1/3 (see Fig. 2 ) which corresponds to A =4. Therefore, in the present case the vicinity around the origin in Fig. 1 is most important. We find there that with the similar equation for.8. Thus, br(2) is given by
Consider the first term in the square brackets in (4·11) and put U=(2/3) X j 0 2 + 0'2+ 00'. Then, exponentiating this term and assuming that 0 and 0' are small, we find
By a scale transformation rO --> 0 and rO' --> 0', we ~ee that a term U 2 in the last exponent yields a correction term of the order of l/r thus can be neglected in the limit r-->OO. Applying the same argument to the second term in (4·11), we have 
pcos --p dp. - If we take the above result literally, the integral is indefinite in the upper limit p-->co. In order to avoid this difficulty, we introduce a convergent factor e-e p with c > 0 and take the limit c --> O. Since the integral itself in (4 '11) is convergent, the above procedure may be allowable. Then, by the use of
we are led to (4'16) The asymptotic behavior of br is given by br= br(l)+ b r (2) . From (4'9) and (4'16), it follows that
r (4 '17) In Fig. 7 the exact values on the left-hand side in (4'17) derived from Table II are shown by circles and the asymptotic form on the right-hand side by squares. It is seen that asymptotic values tend to exact ones as r increases.
Kagome lattice
In order to study ar for the Kagome lattice, we put the zeros of (2' 21) to be Wj (j=I, 2, ... , 12). Then, as in (4·1), ar is expressed as
In the limit r-->co, the most dominant contributions come from the zeros nearest to the 'origin in W plane. The candidates are the points A, Band B' in Fig. 6 . The ar (2) arising from the vicinity of A which corresponds to case (2) can be dealt with in the same way as in 4.1. It turns.out that ar(2) ex: l/w/r 3 asymptotically. The same thing is also valid for the triangular and diced lattices. This result is consistent with the scaling argument discussed previously.4) On the other hand, ar(l) for case (1) which stems from the vicipity of Band B' off the real axis will be shown to have 1/r 2 dependence. This is more dominant than ar (2) for large r. Since the calculation of higher order terms for a/I) is very complicated for the present system, we will content ourselves with the lowest .order term in the following. As in 4.1 it suffices to consider the vicinity of the point P in Fig. 1 and to double the result. In what follows we observe the neighborhood of B' and express its contribution to ar by (B'). The contribution from that of B is given by its complex conjugate (B')*. By the use of (4·3), we find
For the same reason as in (2'25), we adopt the lower sign in (4'19). Then, X in the lowest order approximation is
The solution with i replaced by -i is also possible. Since it leads to (B')*, we will consider (4'20) Since Re c>O as seen from (4·25) and (4·26b), the integrals over ~ and 7) are convergent. As a result, we have (4·28) Thus, adding (B')* and using (2·20) and (4·25), as the asymptotic behavior of ar we find -
The left-hand sides calculated by exact ar in Table III together with numerical values given so far are shown by cirCles and the right-hand sides by a sine curve in Fig. 8 . Except for small r, it is seen that both results coincide very well for large r.
In this figure, the period of oscillation is given by 27r/Y?=5.253227562···. § 
Concluding remarks
In this paper, we have discussed the distribution of zeros of 1Jf in z or W plane and its relationship with the asymptotic behavior of high temperature expansion. The contribution from the neighborhood around We which corresponds to the transition point leads to a result proportional to l/w/ r3 for the expansion coefficient ar. This explains the fact that ar for the triangular or diced lattice has a definite sign. On the other hand, in the case of Kagome lattice there exists the zero of the form wcei'P off the real positive axis. This zero yields an oscillating ar whose period as a function of r is given by 27r/rp. Since a similar oscillation is observed in the case of dual Penrose lattice,5) it may be conjectured that the zero of the same type exists for this system. It would be of considerable interest to look for such a zero by studying a finite dual Penrose lattice.
